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15 Integration

Definition 1 (supremum, infimum). Let M be a subset of R. If M is bounded from above,
the smallest upper bound of M is called supremum denoted by

supM = min{a € R: x < a forall x € M}.
If M is bounded from below, the greatest lower bound of M is called infimum denoted by

inf M = max{b € R: x > b for all x € M}.

Definition 2 (partition). A partition of an interval [a,b] is given by a finite subset P =
{x0,x1,...,xr} of [a,b] satisfying {a,b} C P. Wewritea = xp < x1 < --- < x, = b.

Definition 3. Let f: [a,b] — R be a function and P a partition of [a,b] such that a =
xo<x1<---<x,=>bFori=0,1,...,vr — 1 we define

Mz'P(f) =sup{f(x): x; < x < xj41},
mf (f) = inf{f(x): x; < x < xip1}.

Definition 4 (upper/lower sum). Let f: [a,b] — R be a function and P a partition of
la,b] such that a = xo < x1 < - -+ < x, = b. The upper sum of f over P is

r
uf(P) - 2 Ml?—1(f)(xk — Xk_1),
k=1
and the lower sum of f over P

Ly(P) = kZl Py (F) (o — ea).

Definition 5 (RIEMANN integrable functions). A function f: [a,b] — R is called (Rie-
mann) integrable if for every € > 0 there is a partition P of [a, b] such that

Uf(P) — Lf(P) < E&.
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Definition 6. Let f a RIEMANN integrable function and let P a partition of [a, b]. The limit

I(f) = lim Uf(P) = lim Lf(p)

r—00 r—00

is called the (RIEMANN) integral of f over [a, b] and we write

1= [ fix)ax

Definition 7. The function f is the integrand. For a < b we define

a b
[ Fdx == [ fx) ds
a
and for a = b we define
b a
/ f(x) dx:/ f(x)dx =0.
a a
Theorem 8. If f is continuous on [a,b], then f is integrable.

Theorem 9. If f, g are integrable over [a,b] and r € R, then

b b
(i) rf is integrable over [a, b] with/ (rf)(x)dx = r/ f(x)dx.
b b b
(i) f+ g is integrable over [a, b] with / (f+9)(x)dx = / f(x)dx —l—/ g(x) dx.
(iii) fora < ¢ < b: /bf(x) dx = /Cf(x) dx—f—/bf(x) dx.

b b
(iv) |f| is integrable on [a, b] with |/ f(x)dx| < / |f(x)] dx.



Theorem 10. Let f be integrable over [a,b] and bounded with m < f(x) < M for all
x € [a,b]. Then

m(b — a) g/abf(x)dng(b—a)

and, in particular, if f is continuous, then

(b—a) min f(x / f(x)dx < (b —a) max f(x).

X€[a,b] x€la,b]

More generally, if f, g are integrable over [a, b] with f(x) < g(x) for all x € [a,b], then

/abf(x) dx < /abg(x) dx.

Theorem 11 (Mean Value Theorem for Integration). Let f be continuous over [a,b).
Then there exists a ¢ € [a, b] such that

[ fydx= @0 —a)

Theorem 12 (Fundamental Theorem of Calculus). Let f: [a,b] — R be continuous.
Then
F:a,b] - R, with F(x /f

is continuous on [a, b], and differentiable on (a,b) with
F'(x) = f(x) forall x € (a,b).

Conversely, if F: [a,b] — R is continuous and differentiable on (a,b) with F' = f, then

b
| Fxydx = B@) = F(a) = F):

Definition 13 (primitive). If f: [a,b] — R is continuous, then a diﬂferentiable function F
with F' = f is called primitive of f. (One primitive of f is given by F(x) = [ f(x
The difference of two primitives of the same function is constant.)

Theorem 14 (Partial integration). Let f,g: [a,b] — R such that f is continuous, g is
differentiable, and g’ is continuous. If F is a primitive of f, then

[ Fst)ds = Fgtolt — [ Plo)g/(x)

Theorem 15 (Substitution rule). Let f: [c,d] — R be continuous, and g: [a,b] — R be
differentiable such that ¢’ is continuous. If ¢([a,b]) C [c,d], then

b , )
|| flaCg xydx= [ 7 s



Theorem 16 (Partial Fraction Decomposition). Given two polynomials py,(x) and q,(x) =

(x —a1)(x —ap) - - - (x — ap) and degree m < n, partial fraction are generally obtained by

supposing that

pm(x)

A A,

qn(x)

 (x—m)

(x —aq)

Ay
(x —ay)

and solving the constants A; € R by equating the coefficients. We get

pm(x)

qn(x)

dx:/(

A A,

X — )

(x —aq)

A
(x —ay)

Ailn(x —ay) + ApgIn(x —ap) + - - - + Ay In(x — ay).

dx

Primitives of elementary functions

/x” dx = 7" (nz 1), /% dx = In|x|, / Vadx = 2 (/x)" !
/sinxdx:—cosx, /cosxdx:sinx, /tanxdx:—ln]cosx]
/cotxdlen]sinx|, / L dx =tanx, / 1 dx = —cotx
COSs~ X sm- x

/ 1£x2 dx = arcsin x, / 1_sz dx = arccos x, / ] +1x2 dx = arctan x
/sinhx dx = coshx, /coshx dx = sinhx, /tanhx dx = In(cosh x)
/ 1ix2 dx = arsinh x, / x%_l dx = arcosh x, / 1_1x2 dx = artanh x (|x|<1)
/ex dx = ¢, /axdx:iax (a>0), /lnxdx:xlnx—x

: Ina
[f& ar=mlfw), | [ f) dx = 3(7()?




